We suggest the new feature of primordial gravitational waves sourced by the axion-gauge couplings, whose forms are motivated by the dimensional reduction of the form field in the string theory. In our inflationary model, as an inflaton we adopt two types of axion, dubbed the model-independent axion and the model-dependent axion, which couple with two gauge groups with different sign combination each other.
I. INTRODUCTION
The primordial inflation quantum-mechanically accounts for the origin of Cosmic Microwave Background radiation (CMB) temperature anisotropy and large scale structure in our present universe. Through these observations, it allows us to explore the high energy physics by means of inflation. One of the most important prediction is that it also provides vacuum fluctuations of gravitons, called primordial gravitational waves (GWs), whose amplitude is directly related to the energy scale of inflation in the standard scenario. We can search for the imprint of primordial gravitational waves on the polarization of CMB B-mode, conventionally parameterized by the tensor-to-scalar ratio r . Unfortunately, however, we have not yet detected this signal and recent BICEP2/Keck Array collaboration has reported the following upper bound on its amplitude r 0.07 [1] . Moreover, due to the decreasing of Hubble parameter during inflation, its scale dependence is always red. Therefore, it is also getting harder to detect it in future gravitational wave experiments. In fact, for the practically testable GW amplitude the space-based interferometers such as DECIGO (not Ultimate DECIGO) and BBO project require r = O(0.1) in the case of a standard inflationary model [2, 3] .
From the theoretical point of view, however, there is a room to suppose another source of metric tensor modes based on the fundamental theory. In superstring theory, there is a plentitude of pseudo-scalar fields, called string axions, which arise from the compactification of the extra-dimensional manifold [4, 5] . It is known that the string axion is one of the best motivated candidate of the inflaton due to its shift symmetry at perturbative level, which protects the flatness of the potential from the radiative correction of other coupled matters [6, 7] . Intriguingly, the rolling axion amplifies one helicity mode of the gauge field via its Chern-Simons interaction, so that the enhanced gauge field could provide the parity-violating tensor spectrum, in both cases of the Abelian gauge field and the non-Abelian gauge field [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Furthermore, due to the increasing of the velocity of axion, its amplitude is naturally blue-tilted and becomes sizable higher than frequency range of CMB scales. The main motivation of this study is to search for the axion phenomenology through chiral primordial gravitational waves sourced by the axion-gauge coupling, which is potentially testable by future space-based gravitational wave experiments or pulsar timing arrays.
In recent studies [19, 22] , it was shown that for an observable GW amplitude a preferable range of axion decay constant is around GUT scales, remarkably which is naturally predicted by the low energy supergravity of the string theory [4] . Motivated by this result, in this paper we explore the novel feature of blue tensor spectrum produced by the string compactifications. In the context of the dimensional reduction of string theory, two types of axion-like particle generally appear as the zero mode of Kalza-Klein expansion of the form field, traditionally called the "modelindependent axion" and the "model-dependent axion". Both of them couple with the gauge field through the anomaly cancellation mechanism in ten-dimentional theory. However, the way of coupling to gauge fields is different between these axions: the model-independent axion acquires the gauge interaction from the kinetic term of the form field, while that of the model-dependent axion derives from the one-loop Green-Schwarz counter terms of gauge anomalies. As a result, the sign combination of the coupled Chern-Simons terms are generally different between these axions. Therefore, the opposite helicities of gauge fields each other could play an important role if these couplings are effective during inflation.
Inspired by this property, in this work we suggests the possibility of generating blue tensor spectra (not "spectrum"!) sourced by two gauge groups coupled to these two types of axion.
In the conventional scenario, in order to get a sizable tensor spectrum in small scales its parity must be almost totally violated because only one polarization mode of gauge field is amplified during inflation. We find that, however, if these two axions play a role of inflaton, the different polarization modes of each gauge group coupled to two axions grow up and could provide totally parity-conserved or slightly parity-violated blue tensor spectra, both of which add completely new features to the axion phenomenology in early universe. Remarkably whose amplitudes and chiralities are potentially testable with future space-based interferometer DECIGO or BBO project. This paper is organized as follows. In section II, we derive two types of axion and their form of gauge couplings from the dimensional reduction of the form field. In section III, we build the concrete inflationary models where two types of axion occur inflation coupled to different sign combination of Abelian gauge sectors, which are generally included in the original two gauge groups. Then in this section we describe the time evolution of tensor power spectra numerically.
Simultaneously, we also check the production of the inflaton perturbation sourced by gauge fields and show that the power spectrum of curvature perturbation is consistent with the non-detection of primordial black holes (PBHs) during inflation. The final section is devoted to conclusion and discussion. Note that we set = c = 1 in our units.
II. THE AXION-GAUGE COUPLING FROM THE STRING THEORY
In this section, we briefly derive two types of the axion-gauge interaction from the string theory, especially the weakly coupled heterotic E 8 × E 8 superstring as an example [28] [29] [30] 1 . The relevant bosonic part of its low-energy effective action in the string frame reads [33] S = 1 2κ
where R is Ricci scalar ( g n is a determinant of a n-dimensional metric), H 3 is the field strength of the Neveu-Schwarz 2-form B 2 , and F 2 is the field strength of E 8 × E 8 gauge group living in the ten-dimensional space-time M 10 . This action contains three coupling constants: the dilaton coupling e φ 10 , the Yang-Mills coupling g s and the gravitational coupling κ 10 with dimensions of (length) 0 , (length) 3 and (length) 4 respectively. We write the "tr" for the trace in the fundamental representation of E 8 . The symbol " * " is the Hodge dual operator so that 1 The result of this section is also derived from the strong coupling limit of the E 8 × E 8 heterotic superstring (Mtheory) [31, 32] .
Hereafter, we usually write the products and powers of forms without the wedge symbol "∧" to keep notations compact, so that X 2 ≡ X ∧ X and |X| 2 n ≡ X ∧ * n X . Note that we assume that the dilaton has been stabilized and integrated out in the action.
The gauge-invariant field strength H is given by H 3 = dB 2 − α 4 (ω 3Y − ω 3L ) , where α is the string tension and ω 3Y , ω 3L are the Yang-Mills and Lorentz Chern-Simons 3-forms ensuring absence of anomalies, so that the following Bianchi identity
holds for the integration on any four-dimensional submanifold Σ embedded in the internal manifold. Note that the Riemann tensor is regarded as a 2-form
which is a tangent space matrix represented by the connection 1-form ω 1 p q and the "tr" is over the trace on the tangent space indices. As to the trace of the gauge field, we explicitly take care of two E 8 gauge factors F 
where L is the unit length of Y 6 , h 3 is the four-dimensional component of H 3 and we chose the basis ω i to satisfy Y 6 ω i ∧ * 6 ω j = L 2 δ i j . Here, we introduced a Lagurange multiplier θ in order to satisfy the Bianchi identity in our four-dimensional space-time. Integrating h 3 out and canonically normalizing each variable, we get the kinetic terms of axions and Chern-Simons terms coupled to the model-independent axion
where
is a decay constant of model-independent axion and a dimensionless coupling constant of its Chern-Simons gauge interaction characterized by the string mass scale M s ≡ l −1 s . On the other hand, as to the model-dependent axions, they acquire the gauge couplings from the Green-Schwarz anomaly cancellation action [34] 
where the trace "Tr" is over the adjoint representation of E 8 , which is related to the tr as Tr = 
Then separating tr(F 2 2 ) = tr(F (1)2 2 ) + tr(F (2)2 2 ) and using the Bianchi identity (2), we get the following interactions of axion-gauge couplings
Therefore, the coupling of model-dependent axions to gauge fields in the four dimension has the following form
Remarkably, the sign of each Chern-Simons interaction is opposite.
Thus, we get the two types of axion-gauge couplings in (5) and (10) from the dimensional reduction of E 8 × E 8 superstring. Other than the heterotic string theory, these sign combination of axion-gauge couplings could also be derived from the compactifications with D-branes through the generalized Green-Shwarz mechanism [35] . Below this section, we show that this interaction forms could provide the blue tensor spectra whose both polarization modes are largely enhanced in small scales.
III. AXIONIC INFLATIONARY MODELS WITH GAUGE FIELDS
In this section, we present axionic inflationary models with two gauge groups inspired by the dimensionally reduced string theory. In this work, however, we focus on the dynamics of Abelian sector
for an analytical reason and do not lead to something specific gauge groups from string compactifications. The detail string theory embeddings of our scenarios and their phenomenological features are beyond the scope of this paper and we leave such an analysis to future work. As to the detail calculation about the particle production of gauge field and the amplification of tensor perturbations according to it, we discuss these issues in our appendix.
A. Inflation with model-dependent axion-gauge couplings
Firstly, we consider the case where a model-dependent axion ϕ coupled with two gauge groups occurs the inflation. For simplicity, we neglect the higher interaction of the non-Abelian gauge sector and we treat Abelian gauge fields embedded in the original gauge groups. So we set up the following action
As to the metric, we assume a flat FLRW metric 
(the prime means the derivative with respect to τ ). In order to describe the generation of gauge field induced by the rolling axion, we quantize A
i in the basis of the circular polarization vectors e ± i (k) , where the helicity operatorsÂ
. Hence the equations of motion for the mode functions A (i)
where ξ ≡φ/(2 f H) (the dot means the derivative with respect to t ) relates the velocity of the axion and hereafter we treat it as a positive value. We can see that A are not produced during inflation and can therefore be ignored in the amplification of perturbations.
The transverse traceless tensor modes h i j (τ, x) are given by the spatial component of the metric g i j = a 2 (δ i j + h i j ). In terms of the canonically normalized variable ψ i j = aM p h i j /2, from the Einstein equations we get the equation of motion for tensor modes
where E 
Therefore, the tensor modes composite of two solutionsψ ± =ψ V +ψ S ± :ψ V is the homogeneous solution which corresponds to the vacuum fluctuations andψ S ± is the peculiar solution sourced by two gauge quantaÂ
− . Let us calculate the two-point correlation function of the gravitonĥ
Sinceĥ V ,ĥ S ± are statistically independent, the correlation function represents ĥ
We are interested in the correlation function of the source term.
In view of the conservation of the angular momentum, one positive-helicity graviton is easy to be produced by two positive-helicity photons, and vice versa 2 . Therefore we can approximately get
where ± . However, these simplifications are justified since mode functions of the produced gauge fluctuations are substantially real-valued, up to an irrelevant constant phase. Thus, defining the dimensionless power spectrum
2 One can actually check that this numerical discrepancy comes from the orthogonal relation of polarization vectors
we have the following tensor power spectra
Thus, both polarization modes of gravitons are amplified by the gauge fields and its chirality is characterized by the difference of N and M . So the amount of chirality χ is given by
Especially, in the case N = M the provided tensor spectra are completely parity symmetric.
On the contrary to the conventional predictions, these spectra could have the same amplitude and therefore predict no parity-violated phenomena through CMB and gravitational wave observations.
At the end of this subsection, we also estimate the two-point correlation function of the curvature perturbation on uniform density hypersurfaces ζ = −Hδϕ/φ. Not only tensor modes, but also the perturbation of inflaton δϕ is produced by the intrinsic inhomogeneities of Chern-Simons gauge interactions δ
where the additional friction term
comes from the dependence of back-reaction
onφ via ξ. Note that the back-reaction of the gauge field 
As a result, defining the dimensionlsss power spectrum of the curvature perturbation
it is approximated as
EB ) 2 is the variance of E i B i . Since the different contribution to the two point functions of δ
Therefore, contrary to the correlation function of tensor modes, that of scalar modes are suppressed by a factor N, M at large ξ.
B. Inflation with model-dependent and model-independent axion-gauge couplings
Next, we consider the case where Lagrangian density includes both a model-independent axion ϕ 1 and a model-dependent axion ϕ 2 coupled with two gauge groups. Here again, we consider the couplings of only Abelian gauge sectors
We assume that the trajectory of linear combination of two axions occurs inflation, analogous to the Kim-Nilles-Peloso (KNP) mechanism [7] . So, we diagonalize each variable as
and rewrite the axion-gauge couplings
where we defined the following effective decay constants f
Here, we assume that in the direction of ϕ the inflation occurs andφ has been stabilized on its potential during inflation. In addition to that, we impose the following hierarchy of decay constants f 1 f 2 . In this setup, the action (34) is effectively reduced to
2 ) > 0 . Hence, as in the previous model, both polarization modes of the gauge fields are amplified due to the form of axion-gauge mixing, but the amplification of one helicity is characterized by α. If the hierarchy is large f Similar to the step in the previous subsection, we get the following tensor power spectra
and the scalar power spectrum
where ξ α ≡ αξ and
In this case both polarization modes of graviton could be also enhanced and the chirality is parameterized by the number of gauge fields N, M and the hierarchy of decay constants α. At N = M and large ξ (α) , the amount of chirality of this spectra is approximately given by
With a small , it is reduced to
It will be interesting to search for this small but non-negligible parity-violation in the tensor spectra with future experiments. In the next subsection, we show that the provided gravitational waves in this model are potentially testable with future gravitational wave experiments.
C. Chiral blue tensor spectra
In this subsection, we numerically show the blue tensor spectra generated by the inflationary scenario presented in the last subsection. For the inflaton's potential, we adopt the KNP aligned cosine form
It is known that such a potential form could be realized by considering combinations of gaugino condensates and world-sheet instanton non-perturbative effects, or that of kinetic and Stuckelberg mixings of axion in string theory or string motivated supergravity [36] [37] [38] [39] [40] [41] [42] [43] . In order to agree with the constraint from the CMB observation, we keep the following condition [1]
where k CMB = 0.002Mpc −1 is the pivot scale which corresponds to N(k CMB ) ≡ N CMB ∼ 50 − 60 e-foldings before the end of inflation. Moreover, the gauge field contribution to the scalar modes is non-gaussian since it comes schematically from the product of two gaussian gauge fields, so that we have the following constraint on the small non-gaussianity in CMB scales [44] 
The background equation of motion for the axion reads
where we introduce the back-reaction effect of gauge fields given by (29) . We numerically plot 
the back-reaction effect of gauge fields is negligible, the evolution of ξ is approximately given by
where ϕ end0 and N 0 denote the value of inflaton at the end of inflation and the number of e-folds, both without including back-reaction of gauge fields. Then we write the number of e-foldings as a function of frequency
Hz (50) and depict the evolution of the tensor spectra (38) (39) [45] . We can see that these amplitudes are growing on small scales due to the increase of ξ and testable with DECIGO or BBO gravitational wave experiments when N = M = 50, ∼ 10 −2 . In this case, from (44) the amount of chirality is about χ ∼ 0.5 . If sizable blue tensor spectra are produced, we can test the parity-violation down to χ = 0.08 by these experiments [46] . Therefore, we have a chance to search for this small chirality of primordial tensor spectra in detail.
Simultaneously, however, we should also take care of the amplification of curvature perturbation, leading to the overproduction of PBHs in small scales. It is known that when the curvature 
perturbation exceeds a critical value ζ ζ c ∼ 1, at horizon re-entry after inflation it leads to the black hole formation. We can represent this probability in terms of the variance ζ 2 c and constrain the amplitude of the power-spectrum of curvature perturbation. In our case, the curvature perturbation sourced by gauge fields is non-gaussian and is schematically written by
where g is the Gaussian distribution field. So its variance is roughly estimated as ∆ ζ ∼ g 2 2 . The bound on the distribution of non-gaussian ζ has already been studied and estimated by [14, 47] 
In the right-side of FIG.2 , we plot the time evolution of the power-spectrum of curvature perturbation given by (40) and a rough upper bound on the constraint of PBHs. We can see that in this figure our model avoids the overproduction of curvature perturbation and satisfies the upper bound on the non-detection of PBHs during inflation.
In this paper, we studied the new feature of generating primordial blue tensor spectra from the inflationary axion-gauge interactions, whose coupling forms are inspired by the dimensional reduction of string theory. In the string theory, axions arise from the compactifications of the form fields, which couple with the gauge field in order to cancel the gauge anomaly in ten dimension.
The important property is that there are two types of axion, dubbed the model-independent axion and the model-dependent axion, which acquire the different sign combination of the coupled gauge groups through the generalized Green-Schwarz mechanism. Considering this fact, we constructed the inflationary models where the model-independent or the model-dependent axion plays a role of inflaton, both of which couple with Abelian gauge fields with same or opposite signs each other.
The main prediction of this paper is that several types of blue tenor spectra are provided due to the amplifications of each gauge group. If the couplings of the model-dependent axion to more than two gauge fields with different signs are included, both polarization modes of gauge fields experiences a tachyonic instability and enhances both helicity of metric tensor modes during inflation. As a result, in the case where only the model-dependent axion plays a role of an inflaton, the totally parity-conserved tensor power spectra could be provided. This prediction is completely different from the previous results since a sizable amplitude of tensor power spectrum is totally parity-violated in small scales. On the other hand, when both types of axion play a role of an inflaton, we developed the possibility of generating the blue tensor spectra whose chirality is parameterized by the hierarchy of their decay constants. As an example, we described the dynamics of generating tensor power spectrum in the case of a cosine-type potential and found that the provided blue tensor spectra with slightly parity-violated have the possibility to detect the future gravitational wave experiments such as DECIGO or BBO project. As to the dynamics of scalar curvature perturbation, we checked the time evolution of its two correlation function and showed that it safely avoids the overproduction of PBHs in small scales. In this work, however, we have not estimated the motion of the inflaton with back-reaction of gauge fields self-consistently so that the careful treatment of the evolution of curvature perturbation will be actually needed near the end of inflation where back-reaction is strongly dominated [48, 49] .
It would be instructive to consider how unique our prediction is. It seems that similar results could appear when two axions couple with the gauge fields with the same signs and roll down on their potentials in an opposite direction each other. In this case, however, we will need fine-tuning for each parameter of axion's velocity or the number of gauge fields to realize our result because in the equation of motion for each gauge field the ξ parameter is not in common. In addition to that, there is another mechanism of generating chiral primordial gravitational waves [50] [51] [52] [53] [54] , so it is worth to consider whether we can discriminate between these theories through the observation of parity-violated tensor spectrum. Moreover, it is intriguing to study the case where axions play a role of spectator fields during inflation. We expect that in this case the similar result of this work would be also realized. Finally, in this work we search for the dynamics of Abelian gauge fields for simplicity and neglect the effect of higher interaction terms of non-Abelian gauge fields. Hence, it will be important to explore the dynamics of axions coupled to non-Abelian gauge sectors during inflation. We leave these issues in our future work.
where the prime means the derivative with respect to τ andφ =φ(t) is a background inflaton field. In order to describe the production of quanta of gauge fields, we promote the classical field A i to an operator expansion
where a λk , a † 
Here, we defined a new parameter ξ which characterizes the production rate of the gauge field as we will show later. Since the time variation of ξ is slow-roll suppressed, we can approximate it as a constant. For our convenience, we choose ξ as a positive value.
Let us analyze (A5). The exact solution is given by the Whittaker function A ± = e ±πξ/2 W ∓iξ,1/2 (2ikτ)/ √ 2k , where we assume that the gauge field is initially in the adiabatic vacuum A ± → e −ikτ / √ 2k (−kτ → ∞). While the minus mode A − is not amplified, we can see that the plus mode A + experiences a tachyonic instability for −kτ < 2ξ. We are interested in the parameter region ξ 1 , so that around the horizon-crossing the gauge field can be substantially approximated as the following real value
in the following time interval (8ξ)
−kτ 2ξ . It is enhanced by a factor e πξ and this amplification affects the production of tensor and scalar perturbations. In the super-horizon regime −kτ → 0 , the enhanced mode A + settles in a constant value e πξ /(2 πkξ), so the energy density of gauge fields dilutes due to the expansion of the universe. Thus, in the region (8ξ)
the gauge field makes the most contribution to the physical enhancement of fluctuations.
The enhancement of gauge field could also affect the background dynamics. For the Friedmann equation and the equation of motion for the axion ϕ = ϕ(t) , they read
where we defined the electric and magnetic components of the gauge field as
In above equations, we introduce the back-reaction effect of the amplification of gauge field. They are given by
where x ≡ −kτ and we assume that the UV-divergence of the vacuum mode at x 2ξ is renormalized away. Note that we can extend the integration of A to the super-horizon limit since it is actually a good approximation of the exact solution. At large ξ, these expectation values are approximately given by [12] 
Therefore, we need the following constraint to neglect back-reaction on the inflationary dynamics
Of these conditions the first one is always stronger than the second one in our parameter region.
Tensor mode amplification
Here, we present the mechanism of providing the metric tensor modes sourced by the gauge field. We use the inverse decay method in this calculation 4 . The tensor modes h i j are included in the spatial components of the metric as g i j = a 2 (δ i j + h i j ) with ∂ i h i j = h ii = 0 . Defining a new canonical variable ψ i j = aM p h i j /2, the equation of motion for ψ i j is obtained from the Einstein equation
where Π lm i j is the transverse-traceless projector given by
In order to get the equation in Fourier modes, we go to the momentum space of ψ i j :
where we defined the polarization tensor e 
M p e lm ∓ (k) dp (2π) 3 Ê 
In (A18), we can separate the solution ofψ ± into two partsψ ± =ψ V +ψ S ± : the first termψ V is a homogeneous solution which comes from vacuum fluctuations of quasi de Sitter space-time, so its mode function obeys the following Bunch-Davies solution
On the other hand, the second termψ S ± is a peculiar solution sourced by the gauge field in the r.h.s. of (A18), so that it is given bŷ
a(τ 1 ) dp (2π) 3 
is the retarded Green function associated with the homogeneous solution of (A18).
Let us analyze the two-point correlation function ofψ S ± . Firstly, in (A21) we can approximatê A − = 0 in the integration since the most contribution part of the integration comes from the enhancement ofÂ + around horizon-crossing, so we ignore the terms in the third line of (A21).
Then after renormalization of UV part, we can reduce the integration of time interval to the region where the particle production of the gauge field takes place. Therefore, rewritingψ S ± inĥ S ± = 2ψ S ± /(aM p ) we can find
where we denoted a numerical factor f ± h (ξ) ≡ dp * (2π) 3 |e x 1 2ξ. In this calculation, we setk = (0, 0, 1) and p = p(sin θ cos φ, sin θ sin φ, cos θ) which corresponds to the following polarization vector e ± (p) = 1 √ 2 (cos θ cos φ ∓ i sin φ, cos θ sin φ ± i cos φ, − sin θ) .
Then for large ξ, we can write 
